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Abstract We report some properties of the reverse degree distance of a connected
(molecular) graph, and, in particular, its relationship with the first Zagreb index and
Wiener index. We also show that the reverse degree distance satisfies the basic require-
ment for a branching index.
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1 Introduction

The degree distance was proposed by Dobrynin and Kochetova [1], which also appears
to be a part of the molecular topological index (MTI) introduced by Schultz [2]. Prop-
erties and applications of MTI may be found in [3–14].

Let G be a simple (molecular) connected graph with vertex set V (G) = {v1, v2, . . . ,

vn} [15,16]. For vi ∈ V (G), �(vi ) denotes the set of its (first) neighbors in G and the
degree of vi is δi = |�(vi )| . The adjacency matrix A of G is an n × n matrix (Ai j )

such that Ai j = 1 if the vertices vi and v j are adjacent and 0 otherwise [17]. The term∑n
i=1 δ2

i is known as the first Zagreb index [18–21] of G, denoted by Zg(G). This
molecular descriptor found application as a branching index, complexity index and in
the structure-property-activity modeling [10,11,19–24].
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Let M be a (symmetric) distance-based matrix of the graph G. Ivanciuc,
Ivanciuc and Balaban [25] introduced molecular graph operators such as the character-
istic polynomial operator, spectral operator, Wiener operator, hyper-Wiener operator.
For example, the Wiener operator of G is Wi(M, G) = ∑

i< j Mi j . Similarly, the
degree distance operator of the graph G is defined as

D′(M, G) = �δM�1 =
n∑

i=1

δi Mi ,

where �δ = (δ1, δ2, . . . , δn) for i = 1, 2, . . . , n, �1 is the all 1’s n × 1 vector, and
Mi = ∑n

j=1 Mi j . Evidently, D′(M, G) is a part of the molecular topological operator
of the graph G defined as

MTI(M, G) = �δ(A + M)�1 = Zg(G) + D′(M, G).

The distance matrix D of the graph G is an n × n matrix (Di j ) such that Di j is just
the distance between the vertices vi and v j in G [17,26]. Recall that Di = ∑n

j=1 Di j .

Then the degree distance of G is D′(G) = D′(D, G) = ∑n
i=1 δi Di , while the molec-

ular topological index of G is MTI(G) = MTI(D, G) = Zg(G) + D′(G). The degree
distance D′(G) was called the MTI’ index in [3,16], and the true molecular topological
index in [8]. Some mathematical properties for the degree distance may be found in
[8,27–29].

The diameter of a connected graph is the maximum possible distance between any
two vertices in the graph. Let G be a connected graph with n vertices, m edges and
diameter d. The reverse Wiener matrix RW[17,30] of G is an n×n matrix (RWi j ) such
that RWi j = d − Di j if i �= j and 0 otherwise. Recall that RWi = ∑n

j=1 RWi j =
(n − 1)d − Di and

∑n
i=1 δi = 2m. Then

rD′(G) = D′(RW, G) =
n∑

i=1

δi RWi = 2(n − 1)md − D′(G)

is called the reverse degree distance of G, which also appears to be a part of the reverse
molecular topological index rMTI(G) = MTI(RW, G) = Zg(G)+r D′(G). We point
out that Schultz and Schultz [31] introduced and applied the reciprocal MTI, for which
some properties may be found in [14].

In this report, we establish properties for the reverse degree distance of a connected
graph.

2 Preliminaries

Recall that W(G) = Wi(D, G) is the Wiener index [32], while�(G) = Wi(RW, G) =
n(n−1)d

2 − W(G) is the reverse Wiener index [30] of the graph G.

Let Pn , Sn and Kn,be respectively the path, the star and the complete graph on n
vertices. Note that a path is a tree with two vertices of degree one and all other vertices
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of degree two, a star is a tree with one vertex being adjacent to all other vertices with
degree one, and a complete graph is a simple graph in which every pair of distinct
vertices is adjacent [15].

Lemma 1 [8] Let G be a tree with n vertices. Then D′(G) = 4W(G) − n(n − 1).

3 Properties of reverse degree distance rD′

Let G be a connected graph with n vertices. Obviously, RW = 0 if and only if G = Kn .

Thus rD′(G) ≥ 0 with equality if and only if G = Kn . If G is a graph of diameter
two, then RW = A, and thus rD′(G) = Zg(G).

Proposition 1 Let G be a connected graph with n ≥ 2 vertices, m edges and diameter
d. Then

(d − 1)Zg(G) ≤ rD′(G) ≤ 2(d − 2)(n − 1)m + Zg(G)

with either equality if and only if d ≤ 2.

Proof Let G be a connected graph with n vertices, m edges and diameter d. Then for
any vi ∈ V (G),

Di ≤ δi + d(n − δi − 1) = d(n − 1) − (d − 1)δi

and

Di ≥ δi + 2(n − δi − 1) = 2(n − 1) − δi

with either equality if and only if d ≤ 2. Since
∑n

i=1 δi = 2m, we have

4(n − 1)m − Zg(G) ≤ D′(G) ≤ 2d(n − 1)m − (d − 1)Zg(G)

and then

(d − 1)Zg(G) ≤ rD′(G) ≤ 2(d − 2)(n − 1)m + Zg(G)

with either equality if and only if d ≤ 2. ��
Note that a Moore graph is a connected graph of diameter d and girth 2d +1, where

the girth of a connected graph G is the length of a shortest cycle in G. A graph in
which every vertex has the same degree is called a regular graph. Moore graphs are
regular graphs. There are at most four Moore graphs of diameter 2 [33]: pentagon,
Petersen graph, Hoffman-Singleton graph, and possibly a 57-regular graph with 3,250
vertices (its existence is still an open problem).
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Proposition 2 Let G be a connected triangle- and quadrangle-free graph with n ≥ 3
vertices, m edges, diameter d, minimal degree δ and maximal degree �. Then

[d − 1 + δ(d − 2)] Zg(G) − 2(d − 2)mδ ≤ rD′(G)

≤ (� + 2)Zg(G) + 2m [(d−3)(n − 1)−�]

with right equality if and only if G is a Moore graph of diameter 2, or a regular graph
of diameter 3 (and girth 5, 6 or 7) and with left equality if and only if G = Sn, or G is
a Moore graph of diameter 2, or a regular graph of diameter 3 (and girth 5, 6 or 7).

Proof Note that the diameter of G is at least 2. Let ai be the number of vertices that
are at distance 2 from vertex vi . Then

∑n
i=1 ai = Zg(G) − 2m. Therefore

D′(G) ≥
n∑

i=1

δi [δi + 2ai + 3(n − 1 − δi − ai )]

= 3(n − 1)

n∑

i=1

δi − 2Zg(G) −
n∑

i=1

δi ai

≥ 6(n − 1)m − 2Zg(G) − �
[
Zg(G) − 2m

]

= 6(n − 1)m + 2m� − (� + 2)Zg(G)

with equality if and only if G is a regular graph with diameter 2 or 3. Similarly,

D′(G) ≤
n∑

i=1

δi [δi + 2ai + d(n − 1 − δi − ai )]

= d(n − 1)

n∑

i=1

δi − (d − 1)Zg(G) − (d − 2)

n∑

i=1

δi ai

≤ 2d(n − 1)m + 2(d − 2)mδ − [d − 1 + δ(d − 2)] Zg(G)

with equality if and only if G is a graph with diameter 2 or a regular graph with diam-
eter 3. By a result of Bondy et al. [34], a quadrangle-free graph with n vertices and
diameter 2 is a graph of maximal degree n − 1, or a Moore graph, or a polarity graph.
However, a polarity graph is not triangle-free. Now the result follows easily. ��

Let G be a connected triangle- and quadrangle-free graph with n ≥ 3 vertices, m
edges, diameter d and maximal degree �. Then Zg(G) ≤ n(n − 1) with equality if
and only if G is the star or a Moore graph of diameter 2 [35]. By Proposition 2,

rD′(G) ≤ (� + 2)n(n − 1) + 2m [(d − 3)(n − 1) − �]

with equality if and only if G is a Moore graph of diameter 2.
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In the following, we consider the relations between rD′(G)and the Wiener index
W(G).

Proposition 3 Let G be a connected graph with n vertices, m edges, diameter d,
minimal degree δ and maximal degree �. Then

2d(n − 1)m − 2�W(G) ≤ rD′(G) ≤ 2d(n − 1)m − 2δW(G)

with either equality if and only if G is a regular graph.

Proof Since 2δW(G) ≤ D′(G) ≤ 2�W(G) with either equality if and only if G is a
regular graph, the result follows easily. ��

Now if we use a modified reverse Wiener index of the graph G [36] with n vertices
and diameter d as

�′(G) = (n − 1)2d

2
− W(G),

then

�′(G) = �(G) − (n − 1)d

2
.

Proposition 4 Let G be a tree with n vertices and diameter d. Then

rD′(G) = 4 · �′(G) + n(n − 1).

Proof Since G is a tree with n vertices, it possesses n − 1 edges. Then the result
follows from Lemma 1. ��

Let Pn,d,i be the tree obtained from the path Pd+1 = v0 · · ·vd by attaching n−d −1
pendant vertices to vertex vi , where 2 ≤ d ≤ n − 1 and 1 ≤ i ≤ 	d/2
 . In particular,
Pn,n−1,i = Pn . In [36], it is shown that for 3 ≤ d ≤ n − 2 and any tree T with n
vertices and diameter d that is different from Pn,d,	d/2
, W(T )> W

(
Pn,d,	d/2


)
and

so

�′(T ) < �′ (Pn,d,	d/2

)
.

Note that, see, e.g. [8], for a tree T with edge set E(T ), W(T ) = ∑
e∈E(T ) nT,1(e) ·

nT,2(e) where nT,1(e) and nT,2(e) are respectively the number of vertices of T lying
on the two sides of the edge e. Thus
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�′ (Pn,d+1,	(d+1)/2

) − �′ (Pn,d,	d/2


)

= (n − 1)2

2
− [

W
(
Pn,d+1,	(d+1)/2


) − W
(
Pn,d,	d/2


)]

= (n − 1)2

2
−

[(⌊
d

2

⌋

+ 1

) (

n −
⌊

d

2

⌋

− 1

)

− (n − 1)

]

>
(n − 1)2

2
− n2

4
> 0,

and then �′ (Pn,d,	d/2

)

< �′ (Pn,d+1,	(d+1)/2

)
.

By the discussion above and Proposition 4, we have

Proposition 5 Let T be an n-vertex tree either with p pendant vertices or with maxi-
mal degreep, where 3 ≤ p ≤ n − 2. Then rD′(T ) ≤ rD′ (Pn,n−p+1,	(n−p+1)/2


)
with

equality if and only if T = Pn,n−p+1,	(n−p+1)/2
.

It follows also from the discussion above that among all trees T with n vertices,
�′ (T ) ≤ �′ (Pn) with equality if and only if T = Pn . On the other hand, among all
trees T with n ≥ 3 vertices,

�′(T ) = (n − 1)2d

2
− W(T )

≥ (n − 1)2d

2
− (n − 1) − d

[(
n
2

)

− (n − 1)

]

= (n − 1)

(
d

2
− 1

)

≥ 0

with equality if and only if d = 2, i.e., T = Sn . Now by Proposition 4, we have

Proposition 6 Let T be a tree with n vertices, different from the path Pn and the star
Sn . Then rD′ (Sn) <rD′(T ) < rD′ (Pn) .

By Proposition 6, the reverse true molecular topological index satisfies the basic
requirement to be a branching index in that it has the minimum value for a star and
the maximum value for a chain (path) [37].
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16. N. Trinajstić, Chemical Graph Theory, 2nd edn (CRC Press, Boca Raton, 1992)
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22. S. Nikolić, I.M. Tolić, N. Trinajstić, I. Baučić, On the Zagreb indices as complexity indices. Croat.

Chem. Acta 73, 909–921 (2000)
23. D. Bonchev, N. Trinajstić, Overall molecular descriptors 3 overall Zagreb indices. SAR QSAR Environ.

Res. 12, 213–236 (2001)
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